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Energy-Recycling Semi-Active Method for Vibration
Suppression with Piezoelectric Transducers
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A novel energy-recycling method is studied that enables effective semi-active vibration suppression with piezo-
electric transducers embedded or bonded to a structure. In this method, the energy converted from the mechanical
energy of a vibrating structure is collected in the capacitor of a piezoelectric transducer as an electric charge, and
to suppress vibration, rather than dissipate the energy, the polarity of the charge is changed according to the state
of vibration.With this method, no energy is supplied to the total system of the structure and transducers with shunt
circuit, which means that the system is stable. A simple electric circuit and a control law for multiple-degree-of-
freedom systems with multiple piezoelectric transducers are proposed for this method based on energy recycling.
Numerical simulation of vibration suppression of a truss structure shows that this method is more effective in
suppressing vibration than both a semi-active method without energy recycling and that based on the use of an
optimally tuned passive system. A preliminary experiment with a truss structure also shows that this method can
effectively suppress vibration in an actual structure. However, there was some discrepancy in the experimental
results compared to the results of the numerical simulation performed assuming ideal linear characteristics of the
piezoelectric transducers estimated from a static test.

Nomenclature
a = amplitude of vibration
B1 = input matrix
ba = electric–mechanical coupling constant

of a piezoelectric transducer; Eqs. (1) and (2)
Ca = constant-lengthcapacity

of a piezoelectric transducer
f = external force vector
fa = tensile force on a piezoelectric transducer
Irms = performance index for vibration

suppression;Eq. (36)
K = stiffness matrix of structure estimated

with the shunt circuit open
ka = constant-chargestiffness

of a piezoelectric transducer
L = inductance
M = mass matrix
m1 = mass shown in Fig. 1
Q = electric charge given to a piezoceramic
Q = vector composed of Q j

QT = control input charge for active control, also target
charge for semi-active control

q = vector of modal displacement
qi = i th modal displacement
R = electric resistance
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u1 = x-directionaldisplacement of the tip of truss beam
V = voltage applied to a piezoceramic
V = vector composed of V j

Va = voltage generated by a piezoceramic
Vb = value of V just before the rapid change

of V caused by a switching
Ve = value of V just after the rapid change

of V caused by a switching
VT = control input voltage for active control
W1 , W2 = weighting matrices; Eq. (31)
x = vector of displacement of structure
x1 = elongation of a piezoelectric transducer, also

displacementof mass shown in Fig. 1
z = state vector; Eq. (30)
±rms = root mean square of displacements of truss nodes
"i = relative error of the i th value
³c = damping ratio of electric vibration; Eq. (18)
! = angular frequency of mechanical vibration
!c = angular frequency of electric vibration; Eq. (17)

Subscript

j = j th piezoelectric transducer (for Q, QT , V , and Ca )

Introduction

P IEZOELECTRIC devices, embedded or bonded to a mechani-
cal structure, convertmechanical vibration energy into electric

energy and electric energy into mechanical energy. Such devices
have been widely used by researchers and engineers as actuators,
dampers, and transducers for not only active vibration suppression,
but also passive and semi-active vibration suppression.1 In active
vibration suppression, the control system sends an input voltage,
or charge, to piezoelectricactuators.Although active vibration sup-
pression is quite effective, the total system may become unstable if
the control system is improperlydesigned. In contrast, in passivevi-
bration suppression, the total system is always stable. The simplest
method of passive vibration suppression with piezoelectric devices
is to shunt each piezoelectric device on a simple resistor. However,
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this method is not very effective for vibration damping. To improve
the performance of passive vibration suppression,Hagood and von
Flotow,2 Hagood and Crawley,3 and Wu4 proposed to use electric
resonanceby shunting the piezoelectrictransduceron a circuit com-
posed of a resistor and an inductor. However, in practice, to enjoy
the advantages of this method, large inductance is usually required
at low frequency, which means that a heavy coil must be used.

Severalmethods of semi-activevibrationsuppressionwith piezo-
electricdevices have also been proposedand studied. In thesemeth-
ods, a resistive, capacitive, or inductive shunt circuit for the piezo-
electric transducerembeddedor bondedto a structure is switchedon
and off according to the phase of a vibration mode of structure.5¡9

Semi-active vibration suppression, in this paper, means controlling
the states of vibrating structure, piezoelectric devices, and shunt
circuit so that its inherent passive vibration damping is enhanced
without adding any energy to the system. This method exploits pas-
sive energy-dissipationmechanisms of electric resistance, and with
it, the total system composedof the structure,transducers,and shunt
circuits is not supplied with any additional energy. Therefore, with
semi-active vibration suppression, the system is stable even when it
is controlledimproperly.Although with this method we can usually
expect better vibration suppression than with the passive method,
semi-active vibration suppression is generally less effective than
active vibration suppression.

Vibration suppression means taking energy out of the vibrating
structure.Therefore, some researchershave proposedcollecting the
energy taken out from the vibrating structure when they suppress
the vibration.10¡12 We believe that the collected energy can be used
to suppress vibration even faster as the work of Lesieutre12 aimed
as a � nal goal. With no additional energy supplied to the vibrating
system, the vibrationenergyand the collectedenergydissipate.This
method can be called semi-active vibration suppression, and with
it, the system is stable, as shown subsequently in the Appendix. In
this paper, this method is referred to as energy-recycling vibration
suppression.

To semi-actively suppress the vibration,Richard et al.7 proposed
to shunt a piezoelectrictransduceron an inductivecircuit for a short
time at each peak of vibrationstrain. During this short shunting, the
polarity of the charge in the capacitor of piezoelectric transducer is
reversed such that the charge drives the transducer against the vi-
bration. In this method, the electric energy stored in the capacitor is
recycledrather than immediatelydissipated.Therefore, this method
is an energy-recyclingmethod although it is not clearly mentioned.
Corr and Clark8 also showed high-performance of this method in
suppressing vibration. However, their method is applicable only to
a single-mode vibration. In this paper, we also use the piezoelectric
transducers with inductive shunt circuits to implement an energy-
recycling vibrationsuppression.Based on an energy-recyclingcon-
cept,a switchingmethodof inductiveshuntcircuitfor the piezoelec-
tric transducer is developed for semi-active vibration suppression.
It is applicable to multiple-modevibration of structureswith multi-
ple transducers. The method of Richard et al.7 and Corr and Clark8

is shown to be a particular case of our method. The performance
of the method is studied theoretically and numerically. To see that
this method works in an actual structure, a preliminary vibration
suppression experiment of a truss structure is performed.

Semi-Active Vibration Suppression
of Single-Degree-of-Freedom System

with a Piezoelectric Transducer
To describe the new method of semi-active vibration suppres-

sion based on energy-recycling in comparison with a conventional
semi-active method, let us � rst consider a simple single-degree-of-
freedom system shown in Fig. 1, which is composed of a mass and
a piezoelectric transducer.Assuming that the local dynamics in the
piezoelectric transducer are negligible because of its very high fre-
quency, we model the characteristics of a piezoelectric transducer
composed of attached � ttings and a mechanical member exerting
precompression force on the piezoceramic, as shown in Fig. 1. In
thispaper,we furtherassumea linearbehaviorof thepiezoceramic.13

Then the relationship between Q, V , fa , and x1 of the transducer

Fig. 1 Single-degree-of-freedom
system with a piezoelectric
transducer.

Fig. 2 Circuit A for shunting the piezoelec-
tric transducer.

can be written as

fa D ka x1 ¡ ba Q (1)

V D ¡ba x1 C Q=Ca (2)

The values of ka , ba , and Ca are functions of the size and
characteristics13 of the piezoceramic and the spring constants k1

and k3 shown in Fig. 1. From Eq. (1), the equation of motion of this
system can be derived as

m1 Rx1 C ka x1 D ba Q (3)

If we use the active method, we can suppress the vibration of the
structureby supplyingcontrol input charge QT or controlinput volt-
age VT D ¡ba x1 C QT =Ca to the piezoelectrictransduceraccording
to the state of the system. There are many active control theories
that can be used to obtain the value of QT . A simple active control
law is

QT D ¡® Px1 (4)

where ® is the controlgain .® > 0/. Generally,the larger the valueof
the control gain, the higher the vibration suppression performance
is unless the gain is too large.

In this study however, we try to semi-actively suppress the vibra-
tionof structurebycontrollingthe state of thepassivesysteminstead
of actively supplying a control charge or voltage to the transducer.

Resistance (R)-Switching Method for Conventional Semi-Active
Vibration Suppression

To compare with the new method of vibration suppressionbased
on energy recycling, let us � rst describe a conventionalsemi-active
vibrationsuppressionthatdoes not recycle theenergy.To implement
the conventional method, we shunt the piezoelectric transducer by
usinga circuitcomposedofa switchanda resistor,as shownin Fig.2,
and turn the switch on and off so that the vibration is suppressed
quickly. Although a small amount of electric power is required for
the logic circuit and drive circuit for the switch, this energy does
not � ow into the shunt circuit. In Fig. 2, the piezoelectrictransducer
is modeled by using a capacitor and a voltage generator based on
Eq. (2), where

Va D ¡ba x1 (5)

To derive a control law for switching, let us follow the strategies
describedin Ref. 14 that were used to derivecontrollaws to suppress
vibration with variable-frictiondevices. As suggested in Ref. 14, a
possible strategy to control the switch is to turn the switch on and
off so that Q traces QT as closely as possible. However, as already
mentioned, in many cases, a large gain results in quick vibration
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damping. Therefore, in this study, we control the switch so that Q
becomes as large, that is, positive, as possible when QT is positive,
and as small, that is, negative, as possible when QT is negative.The
study in Ref. 14 has shown that this strategy is more effective than
tracing QT , although the difference between their performances is
small. For the system shown in Fig. 2, it is clear that, when the
switch is closed,

PQ D ¡V=R (6)

and when the switch is open,

PQ D 0 (7)

Therefore, this strategy is implemented by using the following
switching law 1:

Turn on the switch when

QT V < 0

Turn off the switch when

QT V > 0

Note that any active control theory can be used to obtain QT . In
this paper, this semi-active method is referred to as resistance (R)-
switching vibration suppression even when a different active con-
trol law is used to derive the target charge QT . As will be described
later,by usinga well-establishedactivecontroltheory for a multiple-
degree-of-freedom(MDOF) system with multiple inputs to obtain
QT , we can easily use this method for MDOF systems with multi-
ple transducers. In the case of suppressing the vibration of a single-
degree-of–freedomsystemwith a single transducerby usingEq. (4),
this R-switching method is the same as that used in Ref. 5. Al-
though another switching method for resistive shunting is proposed
in Ref. 6, its performance in suppressing vibration is not as good as
that of the method of Ref. 5 in a comparison reported in Ref. 9. In
this study, therefore, we compare the performance of our energy-
recycling method with that of R-switching, which does not recycle
the energy.

To understand how semi-active control based on R-switching
works, let us assume that the amplitude of vibration of the sys-
tem in Fig. 1 is almost constant even when this semi-active control
is applied, and let us approximate the motion of the mass as

x1 D a cos.!t/ (8)

Let us further assume that, when the switch is turned on, the charge
in thepiezoelectrictransduceris dischargedin a much shorterperiod
of time than the period of mechanical vibration, assuming that

RCa! ¿ 1 (9)

If we apply switching law 1 with Eq. (4) under these conditions,
we can see from Eq. (2) and the earlier mentioned assumptions
that the switch is closed for a short time periodically at t D n¼=!
and that when 2n¼ ¡ ¼ < !t < 2n¼ the values of V and Q become
approximately

V D ¡baa.1 C cos !t/ (10)

Q D ¡Cabaa (11)

and when 2n¼ < !t < 2n¼ C ¼

V D baa.1 ¡ cos !t/ (12)

Q D Cabaa (13)

where n is an arbitrary integer. From these equations, the energy
that dissipates in a cycle of vibration is derived as 4Cab2

aa2 .

Inductance–Resistance (LR)-Switching Method
for Energy-Recycling Vibration Suppression

To implement semi-activevibrationsuppressionbased on energy
recycling, let us shunt the piezoelectrictransduceron a circuit com-

Fig. 3 Circuit B for shunting the
piezoelectric transducer.

posed of a switch, a resistor, and an inductor as shown in Fig. 3.
From Fig. 3, we can see that, when the switch is closed,

L RQ C R PQ C Q=Ca D bax1 (14)

and, when the switch is open,

PQ D 0 (15)

When Eq. (2) is used, Eq. (14) can be rewritten as

L RQ C R PQ D ¡V (140)

As we did in the R-switching method, let us again make the value
of Q as large (positive) as possible when QT is positive, and as
small (negative) as possible when QT is negative. It is clear from
Eqs. (140) and (15) that, when the switch in Fig. 3 is turned from
open to closed, Q starts to increaseif V < 0 and to decreaseif V > 0.
Therefore, this method can be implemented by using the following
switching law 2:

Turnon the switchwhen QT V < 0, and turn it offwhen QT
PQ < 0.

To understand the behavior of the structure and control system
with this method, let us again use Eqs. (8) and (9). For simplicity,
let us further assume that Q D 0 at t D 0. Then, we can see from
Eqs. (2) and (8) that V < 0 and from Eqs. (4) and (8) that the value
of QT turns from negative to positive at t D 0. This means that the
switch is turned on accordingto switching law 2 at t D 0. Therefore,
let us investigate the subsequent change of the value of Q caused
by this switching. Based on the assumption in Eq. (9), we assume
that the displacement of the mass during a very short period when
the value of Q changes is small and that the displacement can be
approximatedas x1 D a. Then, we can derive the followingequation
from Eq. (14):

Q D ¡baaCa

©
cos

£
!c.1 ¡ ³c/

1
2 t

¤

C ³c.1 ¡ ³c/
¡ 1

2 sin
£
!c.1 ¡ ³c/

1
2 t

¤ª
e¡³c!c t C baaCa (16)

where

!c D [1=.LCa/]
1
2 (17)

³c D R=.2L!c/ (18)

For simplicity, let us further assume that ³c ¿ 1. We can see
that, after the switching at t D 0, the value of Q increases to ap-
proximately baaCa.1 C e¡³c ¼ / at t ¼ ¼=!c . After that, the value
of Q starts to decrease. Therefore, according to the switching
law, the switch is turned off at this moment, and the value of
Q is kept constant. After half a cycle of mechanical vibration,
that is, at t ¼ ¼=!, the switch is again turned on because the
value of QT V becomes negative at this moment. In a similar
way, we can see that the value of Q decreases to approximately
¡baaCa.1 C 2e¡³c¼ C e¡2³c¼ / because the initial value of Q is ap-
proximately baaCa.1 C e¡³c ¼ /, and the switch is turned off at this
moment. Further investigation reveals that the transducer absorbs
energy of 2Cab2

aa2.1 C e¡³c¼ /.2 C e¡³c¼ / from the vibrating mass
by the end of the � rst cycle of the mechanical vibration, that is,
by t ¼ 2¼=!. The absolute value of Q increases at every switch-
ing performed once per half a cycle of mechanical vibration. This
means that the energy of mechanical vibration is converted into
electrical energy and collected in the capacitor of the piezoelectric
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a) Circuit A0 for R switching b) Circuit B0 for LR switching

Fig. 4 Circuits A0 and B0 for simpli� ed switching law.

transducer. After many cycles of vibration, the value of Q con-
verges to approximately §baaCa.1 C e¡³c ¼ /=.1 ¡ e¡³c ¼ /, and en-
ergy of 4Cab2

aa2.1 C e¡³c¼ /=.1 ¡ e¡³c ¼ / dissipatesper a cycle of vi-
bration. These values of charge and energy are, respectively, larger
than Cabaa and 4Cab2

aa2 estimated for the R-switching method, es-
pecially when ³c is small. Therefore, we can expect for this method
to suppress the vibration more effectively than R-switchingmethod
does, especially when the value of ³c is small. In this paper, this
new semi-active method with the circuit shown in Fig. 3 is referred
to as inductance–resistance(LR)-switchingenergy-recyclingvibra-
tion suppressionevenwhen a differentactivecontrol strategyis used
to derive the target charge QT .

Simplifying LR-Switching
In this section, two simpli� cations of the LR-switching method

are described. The � rst one is based on that, as mentioned in the
preceding section, the value of Q, which starts to change when the
switch in Fig. 3 is turned on, continues to change for a period of
approximately¼=!c, and the polarityof PQ changes from positiveto
negativeor from negative to positive at the end of this period. Based
on this fact, switching law 2 can be simpli� ed as follows, which is
referred to as switching law 3 in this paper:

Turn on the switch for a period of ¼=!c when QT V < 0.
In this case, we do not need to measure the electric current PQ to

control the switch. In the case of vibration suppression of a single-
degree-of-freedomsystem with a single transducerby using Eq. (4),
this switching law is the same as that proposed by Richard et al.7

The switching law can be further simpli� ed by using diodes in
the shunt circuit, as shown in Fig. 4b. For this circuit, switching law
3 can be further simpli� ed as the following switching law 4:

Turn the switch to 1 when QT < 0 and to 2 when QT > 0.
Note that neither current PQ nor voltage V needs to be measured

for this switching law. If we use the shunt circuit shown in Fig. 4a,
switching law 4 enables semi-activevibrationsuppressionbased on
R-switching.

Semi-Active Vibration Suppression of an MDOF System
with Multiple Piezoelectric Transducers

In the semi-activevibrationsuppressionmethods discussed in the
precedingsections,the switch in a passivecircuit is controlledso that
Q follows the polarity of control input QT obtained from an active
control theory. Because there are many active control theories for
MDOF systems with multiple actuators, these semi-activevibration
suppression methods can be easily applied to MDOF systems with
multiple piezoelectric transducers by using any one of these active
control theories. In this section, the R-switching and LR-switching
methods are used for MDOF systems with multiple piezoelectric
transducers.

When the local dynamics in piezoelectric transducers are negli-
gible, the equation of motion of a structure with these piezoelectric
transducers is written as

M Rx C Kx D f C B1Q (19)

and the voltage of the piezoelectric transducers is given by

V D ¡BT
1 x C C¡1Q (20)

where C is de� ned as

C ´ diagonal
£
Ca1 ; Ca2 ; : : : ; Can p

¤
(21)

After the transformationof Eq. (19) into modal coordinatesby using

x D ©q (22)

and the introductionof damping ratio ³ for all vibration modes, the
equation of motion can be rewritten as

Rq C ¥Pq C ­ q D ©T f C ©T B1Q (23)

where

© ´ [Á1; Á2; : : : ; Ám ] (24)

­ ´ diagonal
£
!2

1; !2
2; : : : ; !2

m

¤
(25)

¥ ´ diagonal[³!1; ³!2; : : : ; ³!m ] (26)

and !2
k and Ák are the kth eigenvalueand eigenvectorof the follow-

ing eigenproblem:

.!2M C K/Á D 0 (27)

where the eigenvectors are normalized so that

ÁT
k MÁk D 1 (28)

Then the equation of motion in Eq. (23) can be further rewritten as

Pz D Az C Df C BQ (29)

in terms of the state vector de� ned as

z ´ bqT ; PqT cT (30)

where A, B, and D are appropriatematrices. If we regard variableQ
in Eq. (29)as a controlinputfrom an activecontrol system, the linear
quadratic regulator (LQR) control theory tells us that the optimal
control input that minimizes the performance index

J ´
Z ¡

zT W1z C QT W2Q
¢

dt (31)

is given15 as

Q D QT ´ ¡Fz (32)

F D W¡1
2 BT P (33)

where P is a positive de� nite solution of

PBW¡1
2 BT P ¡ AT P ¡ PA ¡ W1 D 0 (34)

If measuring the values of z is dif� cult, these values are usually
estimated by an observer.15 When the estimated value of z is used,
the active control input can be obtained as

Q D QT ´ ¡FOz (35)

where Oz is the estimated value of z. Once the value of QT is ob-
tained, we can control the switch in the shunt circuit for the i th
piezoelectric transducer based on QTi according to the already de-
scribed control strategies to enable LR-switching- or R-switching-
based semi-active vibration suppression of an MDOF system with
multiple piezoelectric transducers.

Numerical Simulation and Discussion
To compare the performance of the LR-switching energy-

recyclingvibrationsuppressionmethodwith that of the R-switching
semi-active vibration suppression method as well as that of passive
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Fig. 5 Five-bay truss structure with a piezoelectric transducer and
experimental setup.

vibration suppression,we simulated the vibration suppression of a
cantilevered � ve-bay truss beam shown in Fig. 5. This truss beam
was also used in our experiment, which will be described later.
Figure 5 also shows a block diagram of the experimental setup.
The total length of the truss beam was 1.86 m. A 0.5-kg mass was
mounted at each of the four tip nodes and four central nodes of the
beam truss. The axial stiffness of the truss was 1.99£ 106 N. The
mass of the longitudinal member and that of the lateral member
were both 35.7 g, and the mass of the diagonalmember was 46.3 g.
The mass of each node was 67.9 g.

The values of ka , ba , and Ca of the transducerwere assumed to be
ka D 6:17 £ 106 N/m, ba D 3:69 £ 105 N/C, and Ca D 1:20 £ 10¡5 F
based on the values estimated experimentally for a Tokin
ASB171C801NP0 piezoelectric transducer as will be described
later. The damping ratio of each mode was assumed to be 0.5%

Vibration Suppression with a Single Transducer
To understand how the energy-recyclingmethod works, we � rst

performed a numerical simulation of vibration suppression of the
truss with a single piezoelectric transducer shown in Fig. 5. All
vibrationmodes that were symmetricalwith respect to the x–z plane
were taken into account in the mathematicalmodel. All othermodes
were ignored so that the system was controllable.

After the modal displacement of the � rst symmetrical mode was
set to 1.0 mm kg1=2 and the modal displacementsof all of the other
modes were set to zero, the structure was released, and the subse-
quentvibrationwas suppressedbyusing thepiezoelectrictransducer
with the switching laws described earlier. To measure the vibration
suppression performance of the switching laws, the value of

Irms ´
Z tE

0

±rms dt (36)

was calculated,where tE D 0:5 s.
To derive the value of QT from the LQR control theory for both

the R-switching and LR-switching methods, the lowest mode was
controlled and weighting matrix W1 in Eq. (31) was set to

W1 D diagonal
£
1; 1

¯
!2

1

¤
(37)

W2 is a scalar because there is only one transducerin this case.Here,
the state vector was assumed to be known, and an observer was not
used.

The equationsof motion in the modal coordinateswere integrated
using the Runge–Kutta scheme with the double-precision option.
The time step for the integrationwas 10¡7 s, which is much shorter
than the period of the highest mechanical and electrical vibration
mode (0.00049 s). At the moment of release of the structure, the
value of electric charge Q was assumed to be zero. The values of L
andW2 were roughlyoptimizedso that the valueof Irms was minimal
when R D 0:5 Ä, although the value of Irms is relatively insensitive
to these values.The resultedoptimalvalueswere W2 D 1:0 £ 103 kg
for R-switching and L D 8:0 £ 10¡4 H and W2 D 1:0 £ 103 kg for
LR-switching.

Fig. 6 Vibration suppression performances estimated in numerical
simulation for a truss with a single transducer.

To compare with the semi-active control method, we also calcu-
lated the value of Irms for a passive system studied by Hagood and
von Flowtow2 and Hagood and Crawley.3 This passive system was
implemented by shunting the electrodes of a piezoelectric trans-
ducer by using a circuit composed of an inductor and a resistor. In
other words, this passive system was implemented by keeping the
switch in Fig. 3 always closed. When the values of L and R were
optimized for the system, the electric circuit effectively eliminated
the energy of the system as a result of its resonance, just as with
mechanical dynamic vibration absorbers.

Figure 6 shows the values of Irms for a system with R-switching
semi-active control, that with LR-switching energy-recyclingcon-
trol, and that for the mentioned passive system. Figure 6 shows that
the performance of the passive system sensitively depends on the
values of L and R. The optimal values of L and R are approxi-
mately L D 2:75 H and R D 150 Ä. At these optimal values, the
value of Irms for the passive system is lower than that for the sys-
tem with R-switching semi-active control. Because smaller values
of Irms indicate better vibration suppression, this means that, in this
particularcase, the performanceof the optimally tuned passive sys-
tem is higher than that of the system with R-switching semi-active
control.However, note that the optimal value of inductance,2.75 H,
corresponds to too heavy a coil to be practical in suppressing the
vibration of a 7.9-kg truss structure.

The valueof Irms for the system with R-switching control is insen-
sitive to resistance R. It is larger than the minimum value of Irms for
the passive system, but lower than the value of Irms when inductance
L is less than 1 H. When resistance R is less than 3 Ä, the value of
Irms for the system with LR-switching energy-recyclingsemi-active
control is much lower than that for the system with R-switching
semi-active control and the minimum value for the passive system.
This means that the system with LR-switching semi-active control
suppressedvibration better than the system with R-switching semi-
active control and the optimally tuned passive system did.

Figure 7 shows time histories obtained by using the R-switching
and LR-switching methods with switching law 4 with R D 1:0 Ä. In
both cases, the switchingis performedat (or around) the peaksof the
� rstmodal displacement.The valueof electriccharge Q is indirectly
controlledby the switchingso that its absolutevalueis the maximum
when its polarity is equal to QT and the minimum in all other cases,
just as the control strategyspeci� es. At each switching,both electric
charge Q and voltage V of the transducer alternately take positive
and negative values following the polarity of QT . Figure 7 shows
that these values changed more with LR-switching than with R-
switching. For example, at the switching at t D 0:02 s, the voltage
shifted from approximately 24 to ¡18 V with LR-switching and
from approximately 18 to 0 V with R-switching. This difference is
a result of inductance in circuit B0 in Fig. 4b. As a result, with LR-
switching, the absolute value of Q is kept large, and the vibration
is suppressed more quickly than with R-switching. Figure 7 shows
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Fig. 7 Time histories of vibration suppression with LR-switching
energy-recycling and R-switching semi-active methods: R = 1.0 ­ ,
L = 8.0 ££ 10¡4 H, and W2 = 1.0 ££ 103 kg.

Fig. 8 Five-bay truss structure with three piezoelectric transducers.

Fig. 9 Vibration suppression performances estimated for a truss with
three transducers in the numerical simulation.

that the energy stored in the capacitor is automatically discharged
by irregular switching after t D 0:08 s when the vibration has been
suppressed to a suf� ciently small amplitude. This may be because
the vibration amplitude becomes too small for the amount of stored
energy.

Higher vibration modes can be excited by switching, although
they are not shown in Fig. 7. However, as their negligible effects on
±rms in Fig. 7 indicate, their amplitudes are small.

Vibration Suppression with Multiple Transducers
In the preceding section, the LR-switching energy-recycling

semi-activemethod was shown to be effective in suppressingthe vi-
brationof a structurewith a single transducer.To investigatewhether
this method is effective in suppressing multiple-mode vibration of
a system with multiple transducers, we simulated vibration sup-
pression of the � ve-bay truss with three piezoelectric transducers,
shown in Fig. 8. In this simulation, all of the vibration modes were
taken into account in the mathematical model. For simplicity, all of
the transducers and electric circuits were assumed to be identical.
When the structure was still, a velocity of (1, 1, 1) m/s in the x–y–z

coordinates was given to the node shown in Fig. 8 by an impulsive
force, and the subsequent free vibration was suppressed. For com-
parison, we simulated vibration suppression with R-switching. To
obtain QT for R-switching and LR-switching, the lowest six modes
were assumed to be controlled in designing the LQR control law,
and the weighting matrices of Eq. (31) were set to

W1 D diagonal
£
1; : : : ; 1; 1

¯
!2

1; : : : ; 1
¯

!2
6

¤
(38)

W2 D 1:0 £ 103 diagonal[1; 1; 1] (39)

basedon the roughlyestimatedoptimalvalueof W2 for the structure
with a single transducerdescribed in the preceding section.

The values of Irms obtained for the truss with three transducers
with the energy-recyclingand conventionalsemi-activemethodsare
shown in Fig. 9 as a function of resistance R. Figure 9 shows that
when R is small, the LR-switchingenergy-recyclingmethodgives a
much smaller value of Irms than the R-switching semi-activemethod
does. This indicates that similarly to the case of a single transducer,
the LR-switching method works well and can suppress vibration
of a MDOF structure with multiple transducers better than the R-
switching method. Thus, LR-switching is effective in suppressing
vibration especially when R is small, as was suggested in the pre-
ceding section.

Preliminary Experiment of Semi-Active
Vibration Suppression

To see whether the LR-switching method is effective for an ac-
tual structure with a piezoelectric transducer, we performed a pre-
liminary experiment by using the � ve-bay cantilevered beam truss
shown in Fig. 5. This is the same truss beam used in the simu-
lation described earlier. Figure 5 also shows a block diagram of
the experimental setup. The coil inductance in this experiment was
6:81 £ 10¡4 H, and the total resistance of the coil and harness was
0.76Ä. In this experiment,circuitsA0 andB0 in Fig. 4 were used.The
electriccurrent � ows througha diode only when the appliedvoltage
is larger than the threshold called forward voltage. To avoid the ef-
fect of forward voltage, which is not negligible compared with the
operationalvoltage of the transducer in this experiment, an electric
circuit shown in Fig. 10 was used instead of a diode. The equivalent
forward voltage of the circuit was less than 5 mV, and the resistance
of this device was 0.02 Ä.

A commercially availableTokin ASB171C801NP0 piezoelectric
transducerwas used in this experiment.The length of the transducer
was 0.22 m, and the mass was 93 g. It had a stack of 1300 lay-
ers of piezoelectric ceramics. To measure the characteristicsof this
transducer, we measured the load-elongation relationship with the

Fig. 10 Circuit simulating a low-forward-voltage diode.
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electrodesshortedand open, and the voltage/elongationrelationship
under load-freeconditions,as well as measured the capacitanceun-
der load-free conditions.Although the load/elongationand voltage/
elongation relations were hysteretic, the values of the constant-
charge load/elongation ratio, constant-voltage load/elongation ra-
tio, constant-load elongation/voltage ratio, and constant-load ca-
pacitance were determined from the measured data by using the
least-square method. From Eqs. (1) and (2), we can see that these
valuesare ka , ka ¡ b2

aCa , baCa=.ka ¡ b2
aCa/, and kaCa=.ka ¡ b2

aCa/,
respectively.Because we had four determinedvalues for three para-
meters, assuming that these measured values had some errors and
the i th determined value was 1 C "i times the correct i th value,
the values of ka , Ca , ba were estimated so that "2

1 C "2
2 C "2

3 C "2
4

was minimal. The estimated values were ka D 6:17 £ 106 N/m,
ba D 3:69 £ 105 N/C, and Ca D 1:20 £ 10¡5 F, and the minimum
value of "2

1 C "2
2 C "2

3 C "2
4 was 0.00265.

In the experiment, the lowest 23.1-Hz vibration mode in the x–z

planewas � rst excitedbyusinga permanentmagnetand a voice coil.
The subsequent free vibration of the mode was then semi-actively
suppressed by using the R-switching and LR-switching methods.
The tip displacement u1 was measured by using an eddy-current
displacement sensor and fed to the processor as shown in Fig. 5.
Based on the estimated characteristics of the transducer and the
same � nite elementmethodmodelof the truss usedfor thenumerical
simulation, the gain matrix F was obtained from Eq. (33). Because
both R-switching and LR-switching method watch only the polarity
of the elements of QT , bu1; Pu1cT was used instead of z D bq1; Pq1cT

in Eq. (32) assuming that the lowest modal displacement q1 was
proportional to u1 . The value of Pu1 was obtained by differentiating
u1. No observer was used. The values of W1 and W2 were the same
as those used for the numerical simulation.

Figure 11 shows an example of the time histories obtained in
the experiment with LR-switching. Before the start of semi-active
vibration suppression, the value of V was oscillating around a pos-
itive value because the switch in circuit B0 was kept at 2 while the
structure was vibrating freely. We began to suppress vibration at
t D 0:32 s, and the � rst-mode vibration was quickly suppressed in
the following 0.4 s. During this time, the circuit was switched from
1 to 2 and from 2 to 1 at each of the peaks of the tip-node dis-
placement, and the value of V changed from positive to negative
and from negative to positive. Figure 12 shows a time history ob-
tained with R-switching. Comparing Fig. 11 with Fig. 12, we can
see that the LR-switching method suppressed vibration better than
the R-switching method did. With LR-switching method, equiva-
lent modal damping ratio averaged over the initial three cycles was
5.7%, whereas it was 2.0% with R-switching method. The behav-
ior of V in Figs. 11 and 12 qualitatively coincides with that shown
in Fig. 7, indicating that both the energy-recyclingmethod and the
R-switching semi-active method work in this actual structure. With
the LR-switching energy-recyclingmethod, the change in V at the
time of switching is much larger than that with the conventional

Fig. 11 Time histories of vibration suppression obtained in the exper-
iment by using LR-switching energy-recycling method.

Fig. 12 Time histories of vibration suppression obtained in the exper-
iment by using R-switching semi-active method.

R-switching method as was expected. This is why LR-switching
has higher performance than R-switching does. This behavior of
the voltage of the transducer is a result of electric energy-recycling
as described in the preceding section. As in the numerical simula-
tion, we can see from Fig. 11 that the collected energy is discharged
by irregular switching at around t D 0:7 s after a suf� cient amount
of vibration suppression.

Although the energy-recycling method has been qualitatively
shown to be effective in an actual structure, there is some quan-
titative difference between the results of the numerical simulation
and those of the experiment. Comparing Fig. 11 with Fig. 7, we
can see that the vibration damped much more slowly in the experi-
ment than in the numerical simulation.Detailed analysisof the time
histories reveals that two factors may have caused the slow vibra-
tion damping in the experiment. They are apparent differences in
¡Ve=Vb and 1V=1u1 , where 1V is the change in V when u1 was
changed by the amount of 1u1 .

From the time history in Fig. 11, the average value of ¡Ve=Vb at
the � rst four switchings was 0.558. From Eqs. (2) and (16), we can
see that

¡Ve=Vb ¼ e¡&c ¼ (40)

Equation (40) suggests that the total resistances in circuits B0 and
B was approximately 2.8 Ä. This value is much larger than the
resistance of the coil and harness (0.76 Ä), which suggests that
the piezoelectric transducer had substantial equivalent resistance.
In fact, if we assume that the equivalent resistanceof the piezoelec-
tric transducer is 1.44 Ä, that is, the total resistance is 2.2 Ä, the
numerical simulation gives ¡Ve=Vb D 0:559. This value of equiv-
alent resistance of the piezoelectric transducer is also much larger
than the valueof 0.57Ä, which is theequivalentresistanceestimated
from the measured loss factorof tan ± D 0:043 in the voltage–current
relationship of the transducer at a frequency of !c=2¼ D 1:76 kHz.

Comparing Figs. 7 and 11 further, we can see that the value
of 1V=1u1 in the experiment was almost two-thirds of the value
in the numerical simulation. The resistance against the leakage of
the charge, including the voltage measuring system and the circuit
shown in Fig. 10, was more than 10 MÄ under static conditions.
The load on the transducer per unit 1u1 also approximately co-
incided with that in the mathematical model. These results suggest
that the effectivevalueof ba in the vibrationsuppressionexperiment
was almost two-thirds of the value estimated in the static test. This
apparently large equivalent resistance and a small equivalent value
of ba of the piezoelectric transducer in the vibration suppression
experimentmay have resulted from the effects of transientphenom-
ena, local dynamics in the transducer, and/or dielectric loss of the
transducer.A more detailed study of thesephenomenais beyond the
scope of this paper.

To verify the results, we performed another numerical simula-
tion assuming that the total resistance of the circuit was 2.2 Ä and
ba D 2:46 £ 105 N/C, which is two-thirds of the value estimated in
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Fig. 13 Time histories obtained in the experiment and in the
simulation: ba = 2.46 ££ 105 N/C, R = 2.2 ­ , L = 6.17 ££ 10¡4 H, and
W2 = 1.0 ££ 103 kg.

the static test. The 2.0-ms delay in switching in the experiment was
also taken into account. Figure 13 shows a comparison of the nu-
merical simulation results with the experimental results. Figure 13
shows that the effect of the 2.0-ms delay on the performancein sup-
pressing vibration is negligible. Figure 13 shows that these values
of R and ba make the simulation results agree well with experi-
mental results. However, as has been mentioned, veri� cation of the
phenomena is a subject of future works.

Conclusions
We proposed and investigated a method to improve the perfor-

mance of semi-activevibrationsuppressionwith piezoelectrictrans-
ducers based on energy recycling that keeps the total system stable.
The energy-recycling method collects the electrical energy con-
verted from the mechanical energy of a vibrating structure as an
electric charge in the capacitor of the piezoelectric transducer and
switches the polarity of the charge to suppress the vibration. By in-
troducing diodes into the electric circuit, we derived a very simple
switching law for the energy-recyclingmethod.

To investigatethe effectivenessof the energy-recyclingmethod in
suppressingvibration,we conductednumerical simulationof vibra-
tion suppression of a truss structure by using our energy-recycling
semi-active method, a conventional semi-active method, and a pas-
sive damper. We compared the results and found that our energy-
recycling method can suppress vibration more effectively than both
the optimally tunedpassivesystemand the conventionalsemi-active
method. We also found that our method works best when the total
resistance of the shunt circuit is relatively small.

To see whether the energy-recyclingmethod works in an actual
structure, a preliminary experiment of vibration suppression of a
truss was performed by using both the energy-recycling and con-
ventional semi-active methods. The experimental results showed
that both methods work well as was expected and that the perfor-
mance of the energy-recyclingmethod is much higher than that of
the conventionalsemi-active method. The experimental results also
showed that the equivalent parameter values in the vibration sup-
pressionexperimentand those estimatedby a static testwere slightly
different. The equivalent resistance of the piezoelectric transducer
was larger than what we had expected, and the equivalent value of
the electric–mechanical coupling coef� cient ba was smaller. The
reason for this difference is the subject of our future work.

Appendix: Stability of a System with R-Switching
and LR-Switching

The total energy of the system described by Eqs. (2), (3), (6), and
(7) is

E1.x1; Px1; Q/ D
£
ka x2

1 C m1 Px2
1 C Ca.¡bax1 C Q=Ca/2

¤¯
2 (A1)

and that of the system described by Eqs. (2), (3), (14), and (15) is

E2.x1; Px1; Q; PQ/ D
£
ka x2

1 C m1 Px2
1

C Ca.¡ba x1 C Q=Ca/2 C L PQ2
¤¯

2 (A2)

E1 , E2 , and their derivatives are continuous. E1 and E2 are semi-
positive de� nite. They are zero only when all of their arguments are
zero. Therefore, E1 and E2 are Lyapunov functions if

PE1 · 0; PE2 · 0 (A3)

When the switches in Figs. 2 and 3 are kept open or closed, it is clear
that Eqs. (A3) hold because the systems are passive and energy
dissipative. Because a switching selects either Eq. (6) or (7) for
circuit A and either Eq. (14) or (15) for circuit B, and the right-sides
of Eqs. (3), (6), (7), (14), and (15) are not in� nite, it is clear that the
values of Px1 , x1, and Q do not vary during the in� nitesimal duration
of switching.This means that the switchingdoes not affect the value
of E1. When the switch of circuit B is turned on, that is, when the
system is switched from Eq. (15) to Eq. (14), it is similarly clear
from the equationsthat the valueof PQ does notvary instantaneously.
If the switch is turned off when PQ D 0, we can see from Eq. (15)
that the value of PQ does not vary. However, if the switch is turned
off when PQ 6D 0, it is clear from Eq. (15) that the value of PQ jumps
to zero, although this is not the case with LR-switching. Therefore,
we can see that the value of E2 decreases if the switch in Fig. 3 is
turned off when PQ 6D 0 and that otherwise switching does not affect
the value of E2 . Thus, we can conclude that Eqs. (A3) always hold
and that the systems with R-switching and LR-switching are stable
in the sense of Lyapunov.

There may be a question of where the energy has gone from cir-
cuit B when the switch is turned off with PQ 6D 0. To answer this
question, it has to be kept in mind that circuit B shown in Fig. 3 is a
simpli� ed model of an actual circuit that has inevitablestray capac-
ity. For example, if we consider a small parallel capacitance with
the inductor(which is neglectedin Fig. 3), we can see from a similar
investigationthat the switching does not vary the total energy of the
system. However, turning off the switch initiates a high-frequency
electrical oscillation, and the energy of this oscillation is expected
to be dissipated by the inevitable resistance in the circuit in a short
period of time.
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